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i1gular boundary value problem arising in a pre-breakdown gas discharge*

iekmann, D. Hilhorst & L.A., Peletier

RACT

We consider the nonlinear two-point boundary value problem

+ (g(x)=y)y' = 0, y(0) = 0, y(R) = k, where g is a given concave
-ion. We prove that the probiém has a unique solution and we study the
:ing behaviour of this solution as R -+ « and as € + 0.

Furthermore, we show how a so-called pre-breakdown discharge in an
zed gas between two electrodes can be described by an equation of this

, and we interpret the results physically.

JORDS & PHRASES: singularly perturbed nonlinear two-point boundary
value problem; pre-breakdown discharge in an Zonized

gas between two electrodes.

1is report will be submitted for publication elsewhere.







[TRODUCTION

In this paper we study a model of the electric field which arises
.e space between two electrodes. The equation in which we shall be

ed is
exy" + (g(x)-y)y' =0 0 < x <R,
. the given function g satisfies the following hypotheses

D€ CZ(D&P;DR); g(0) =0; g'(x)>0 and g"(x)<O0 - for all x 20.

‘e interested in solutions of (1.1) which are subject to the boundary

.tions
y(0) = 0,
y(R) = k.
jsume that the given numbers k and R satisfy 0 < k < g(«<) and R > Xgs
L X is defined as the (unique) root of the equation g(x) = k.
In section 2 we shall derive some a priori estimates and we shall
: the existence of a solution of (1.1) = (1.3). In section 3 we prove

the solution is unique.

The main objective of this paper is the study 6f the dependence of
jolution on the parameters € and R. In section 3 we prove that the
:ion is a monotone function of ¢ and of R, From the physical point of
the interesting regions of the parameters are small € and large R.
iction 4 we analyse the limiting behaviour of the solution when R tends
ifinity and € is fixed. It turns out that the solution converges uni-
.y in x to a function § which satisfies (1.1), (1.2) and the limiting
of (1.3), i.e. ;(”) = k, if and only if € < g(«) - k. If, on the other
, this inequality is violated, then the solution converges uniformly
ympact subsets to a function y which satisfies (1.1), (1.2) and

= max{g(®) - €,0}. In particular this implies that y is identically

if € 2 g(»).

In section 5 we analyse the limiting behaviour of the solution when

ids to zero and R is fixed. It turns out that the solution converges




1iiformly in x to the function ;(x) = min{g(x),k}. Moreover we show that
' converges to ;' uniformly for x € [O,XO—G] U [x0+6,R] for arbitrary
> 0. The behaviour‘of y' in the transition layer near X, will be discussed
rmally in section 6. Since the limits € + 0 and R + » (for €< g(«) - k)
‘e interchangeable, the two separate limits give a complete picture of
te limiting behaviour with respect to both parameters.

Finally, in section 7 we shall indicate how the problem arises in
lysics and we shall interpret the results physically.

Some partial results have been obtained for the case that g is
vither increasing nor concave everywhere. This case will be studied in
forthcoming paper. '

The problem (1.1) - (1.3) is, in many respects, similar to a singular
wundary value problem of rotating fluids studied by HALLAM & LOPER [6].
: also draw attention to the recent paper of CLEMENT & EMMERTH [21]. They
;udy the limiting behaviour as € + 0 for more general problems by using

mpletely different methods.

A PRIORI ESTIMATES AND THE EXISTENCE OF A SOLUTION

In this section we consider the problem (1.1) - (1.3) for fixed
llues of the parameters € and R. By a solution we shall mean a function
€ C2([0,R];DR) which satisfies (1.1) = (1.3). We first derive some
priori estimates for a solution and its first two derivatives. Subsequent-—
' we prove that a solution actually exists by constructing an upper and

wer solution and by verifying the appropriate Nagumo condition.

[EOREM 2.1. Let y be a solution, then for all x e (O,R)
) 0 < y(x) < min{g(x),k};

i) 0 < X'(X)2< g'(0);
ii) - _(_g___(EQD__ < y"(x) < 0.

OOF. Let us first prove that y'(x) > 0 for all x ¢ (0,R). Suppose that
(Xl) = 0 for some Xy > 0, then the standard uniqueness theorem for
dinary differential equations implies that y(x) = y(xl) for all x.

nce this is not compatible with the two boundary conditions we conclude




y' is sign—definite. Invoking the boundary conditions once more, we

chat the sign has to be positive.

The positivity of y' implies that 0 < y(x) < k for x € (0,R). Next we
. prove that y(ﬁ) < g(x). We begin by observing that this'inequality
i for x 2 X Suppose there is an interval [xl,xzj c [0,x0] such that
; is strictly .positive in the interior of [x],xz] and y(x])-g(xl) =
:2)‘ g(XZ) = 0. Then y'(xz) < g'(xz) < g'(xl) < y'(xl). On the other
the equation (1.1) implies that y"(x) > 0 for x € (XI’XZ) and hence
:) = y'(xl) + fiz y"(g)dg > y'(x]). So our assumption must be false
:+ it leads to a contradiction. Thus, y(x) < g(x). Now, let us suppose
y(xl) = g(xl) for some X, > 0, then necessarily y'(xl) = g'(xl).
'er, because y"(xl) =0 (by (1.1)) and g"(xl) < 0, this would imply
y(x) > g(x) in a right-hand neighbourhood of X5 which is impossible.
: the inequality is strict for x € (0,R], and this completes the proof
D '

From (i), y'(x) > 0 and equation (l.1) we deduce that y"(x) < 0 for
O,R). Hence y'(x) < y'(0) < g'(0) for x € (0,R) which completes the
“of (ii).

Finally, we note that Hg implies that g(x) < g'(0)x and hence that

= 07 G -g@)y @ > =0 g@e (0) = - (g" (007 This
s property (iii). 0O

EM 2.2. There exists a function y ¢ CZ(EO,R];BR) which satisfies
- (1.3).

1

'. We define two functions o and B by a(x) := 0 and B(x) := g(x) for
0,R]. Moreover, we define a function f by f(x,y,y') := (sx)_l(y—g(x))y'.
a"(x) =020 = f(x,a(x),a"'(x)) and B"(x) = g"(x) < 0 = £(x,B8(x),B"'(x))
: € (O,R). Hence o and B are, respectively, a lower and an upper solu-—
of (1.1). The existence of a solution now follows from [1, Theorem 1.

if we can show that f satisfies a Nagumo condition with respect to the
a,B. This amounts to finding a positive continuous function h on [0,«)
that |f(x,y,y')] < h(]y'l) for all x € [0,R], a(x) <y < B(x) and

R and, furthermore, such that




(o]

J h(SS) ds > B(R)’
R g (R)

£. [1, Definition 1.4.1]. The function h defined by h(s) := e_]g'(O)(s+l)

atisfies all these conditions. [J

. A COMPARISON THEOREM

In order to emphasize that we are going to study the dependence of a
olution on the parameters e and R, we introduce the notation P(e,R) for
1e problem (1.1) = (1.3). The main result of this section is a comparison
1eorem which is proved by standard maximum principle arguments. As corolla-
ies we obtain that the solution is unique and that it depends in a monotone

ashion on both € and R.

{EOREM 3.1. Let ' be a solution of P(si,Ri) for i = 1,2 and suppose that
, = Ry > x, and €, 2 €. Then yl(x) 2 y,(x) for 0 < x < R,. Moreover, if

1e of the inequalities for the parameters is strict, then so is the ine-
wality for the solutioms.

00F. Let the function m be defined by m(x) := yl(x);-yz(x). Suppose that
achieves a nonpositive minimum on (O’Rl)’ i.e. suppose that for some
| € (O’RI)’ m(xl) <0, m'(xl) = 0 and m"(x]) 2 0. By subtracting the equa-

.on for Y, from the one for y, we obtain
(1] - —_ 1" — 7 =
e, xm (xl) (€2 s])xlyz(xl) yl(xl)m(xl) 0.

wever, all the terms on the left-hand side of this equality are non-
igative and if either €, > €, or m(xl) < 0 at least one of them is
ysitive, If €] = &y and m(xl) = 0 then the uniqueness theorem for ordinary
fferential equations implies that m(x) = 0 for all x € [O,Rl], which can-
't be true if R2 > Rl' So we see that m cannot achieve a negative minimum
d that m cannot become zero on (O’Rl) if one of the inequalities for the

Irameters is strict. Since m(0) = 0 and m(RI) > 0 this proves the theorem. []




LARY 3.2. The problem P(e,R) has one and only one solution.

. We know that at least one solution exists (Theorem 2.2). Let both
d Y, satisfy P(e,R), then Theorem 3.1 implies that y](x) > yz(x) but
ise that yz(x) > yl(x). Hence, yl(x) = yz(x) for x € [O,R]. [

LARY 3.3. Let y = y(x3e,R) be the solution of P(e,R). Then y is a

one decreasing function of e for each R > x, and each x € (0,R), and

0
a monotone decreasing function of R for each € > 0 and each x € (0,R).

E LIMITING BEHAVIOUR AS R -

In this section we study the limiting behaviour as R + « of the solu-
y = y(x3e,R) of the problem P(e,R). Since y is a bounded and monotone
ion of R, the definition ;(x;e) i= éig y(x3;e,R) makes sense for all
0. This definition implies at once that y(0;e) = O and that y is a
creasing function of x and a nonincreasing function of €.
From the estimates in Theorem 2.1 we obtain, via the Arzela-Ascoli
em, that both y(-3;e,R) and y'(*;e,R) converge uniformly on compact
ts. Invoking equation (l1.1) we see that the same must be true for
e,R). It follows that y(-;e) belongs to C2(1R+;1R) and satisfies
ion (1.1). Now it remains to determine j(»j;e). We will estimate §(wje)
below by constructing a more subtle lower solution for y. But first

ove a result which can be used to estimate y(~;e) from above.

4.1, Let z € CZ(I{+;I{) satisfy equation (1.1) and z(0) = 0. Suppose

z(») 3= Lig z(x) exists and satisfies 0< z(x) <w, Then z(e) < g(x) - ¢,
X

. Both z and z' are positive on (0,*) (cf. the proof of Theorem 2.1).
he purpose of contradiction, let us suppose that z(») > g(x) - e. Let
. such that B := s_l(z(x])-g(w)) > =1, Then z(x) - g(x) = z(xl)-g(w) =

for all x 2 X Integrating equation (1.1) twice from X, to x we obtain

£
z2(x) = z(x)) + 2" (x) T exp(J Z—(l‘-)-;]—g(—”)- dn> dg.

X %




ws, for x 2 X5

X £ xlz'(x]) B+1
s 2 216 [ em(stn e = el ((£) - ),
. ] 1

X

‘nce B+1 > 0 this would imply that z(x) + «» as x + =, Hence the assumption

1at z(») > g(») - € must be false. [J

We define a function s = s(x;k,xl,v) by

-V
to1) s(x;x,xl,v) o= A<1 - <§L> )
1

id we investigate which conditions for the parameters A, x, and v guarantee

1at s" 2 f(x,s,s') for x > X (recall that f(x,y,y')= (exfh(y—g(x))y'). A

mple computation shows that this inequality holds indeed for all x 2 3 if

d only if g(xl)- A-egv—-¢ 2 0, or equivalently, v < s_](g(xl)— A - 1.

1e latter inequality can be satisfied for some positive value of v if and

1ily if A < g(xl)- €. In its turn this inequality can be satisfied for suf-

.ciently large X, and some positive value of X if and only if g(x)-e > 0.
We now have all the ingredients at hand to prove the following

leorem.

[EOREM 4.2,

) ljf‘ e< g(») - k then y(°°;e)=1: and lliig oSuB, ly (x3¢,R) = F(x3e) | = 0;
i) Zf g(=) -k < e < g(x) then y(»;e) = g(») - €;

A1) 2f e 2 g(») then §(x3e) = 0 for all x > 0.

00F. (i) For any A < k we can choose X, such that A < g(xl)— ¢ and sub-
:quently v such that 0 < v < e—](g(xl)— A) = 1. For these values of the
tlrameters, s is a lower solution on the interwval [XI’R]' The function t
:fined by t(x) := k is an upper solution and f satisfies a Nagumo condi-
.on with respect to the pair s,t and the interval [x],R]. It follows that

le inequality
s(x;k,x],v) < y(x3;e,R) <k,

iich holds for x = X, and for x = R, actually is satisfied for all




XI’R]' By taking first the limit R - « and then the limit x + « we

(n
< §(»3e) <k

> this inequality holds for A < k, necessarily J(«3;e) = k. This result
he monotonicity of y with respect to x together imply that the conver-
: of y to ¥ is in fact uniform in x (we refer to [3, Lemma 2.4] for

>roof of .this statement).

. If g(®) - k = € < g(®), we can make s into a lower solution by a
ible choice of X, and v if and only if )X < g(») - €. The argument we
in the proof of (i) now shows that y(xj;e) = g(x) — €. On the other

, Lemma 4.1 implies that y(«je) < g(®) = €. So J(»3e) = g(») - €.

) From Lemma 4.1 we deduce that no solution of (1.1) with a positive
¢ at infinity can exist if € > g(»). Hence y(v3;e) = 0 and consequently

:) = 0 for all x 2 0. [

The results of this section are at the same time results concerning
»xistence and non—-existence of a solution of the problem P(g,») defined
1.1), (1.2) and llm y(x) = k. By exactly the same arguments which we
before one can der1ve the bounds of Theorem 2.1 and one can show that

2 exists at most one solution of P(e,»). For copvenlence we formulate

result in the following theorem.

REM 4.3. There exists a function y € CZ(BR+;IR) which satisfies (1.1),
) and the condition 11m y(x) = k 2f and only Zf € < g(®) = k. If it

ts, 1t 18 unique and it satisfies the inequalities givenin Theorem 2.1.

HE LIMITING BEHAVIOUR AS € + O

Throughout this section R > x, will be fixed and we will suppress the

0

ndence on R in the notation, because it is inessential. The solution
(1.1) = (1.3) is a bounded and monotone function of ¢ and we define
= 118 y(x3e). From Theorem 2.1(i) and (ii) and the Arzela-Ascoli

remwe deduce that ¥ is continuous and that in fact 11161 0sup ly(x) y(x3€) | =0.




HEOREM 5.1. y(x) = min{g(x),k}.

ROOF. From Theorem 2.1(i) we know that y(x) < min{g(x),k}. Take any x< X5

hen ¥(x) < k. We claim that this implies that 1im+6nf y'(x3e) > 0. Indeed,
€

uppose that the sequence {si} is such that s + 0 and y'(x;si) v+ 0 as

+ o, then by taking the limit i - « in the relation

k = y(R;e;)
R
= y(x;ei) + Jy' (E3e;)dE < Y(X;Ei) + (R-x)y' (x;si)‘,
X

2 arrive at the conclusion that §(x) > k, which is impossible.

Integrating equation (1.1) from 0 to x we obtain

X
5.1) e(y' (x36) - y' (036)) = j R AGDL
0

ippose that x < X

and max |y(&)-g(g)| > O then, since
0<g<x .
"(0) > y'"(&3e) =2 y'(x3e) for 0 < £ < x and 1im+6nf y'(x3e) > 0, the right-
€

and side of (5.1) is bounded away from zero as ¢ + 0. However, this is
npossible since the left-hand side tends to zero as € + 0. So ¥(x) = g(x)
r all x < X and by continuity ?(XO) = k. The function y, being the limit
f monotone functions, is monotone nondecreasing. Hence y(x) > k for x > x

0

1d consequently y(x) = k -for x > X 0

By taking € = 0 in (1.1) we obtain the reduced equation
542) (s(x)-y)y' = 0.

1e limiting function y satisfies the boundary conditions (1.2) and (1.3)

id the equation (5.2) except at the point x = Xg» where ' is not defined.
ytivated in part by the physical application (cf. section 7) we shall now
westigate the limiting behaviour of y'(x3;e) as € + 0. It will then become
7en more apparent that x = X, is an exceptional point. The following lemma

s needed in the proof of Theorem 5.3, but it is of some interest in itself.




A 5.2, Let § > 0 be arbitrary. For any €0 > 0 there exists an M > 0

that 0 < g(x) - y(x3e) < Mex for all x € [O,x0—6] and all € € (O,eo).

F. Let § >0and e. > 0 arbitrary. We define

0

m(e) := min {g(x) - y(x;3e)}.
xo—ssxSxo-%S

there exist positive constants Ci’ i=1,2,3, such that for € € (O,ao)

x0—6/2
m(e) < C, J (g(8) —y(&3e))dg
xO—G
x0—6/2
< c, J g(g)-gy(g;w y'(E5e)dE < Cqe
xo—d

the proof of Theorem 5.1 and in particular formula (5.1)). Let the
tion v = v(x;e) be defined by v(x3e) := g(x) - y(x3;e) — Mex, where the

tant M > 0 is still at our disposal. Then v satisfies the equation
exv" - y'(x;e)v = ex(g"(x) + My'(x3¢))

consequently exv' - uv >0 if M > Yu_l, € € (O,so) and x € (O,XO- 181,

e the positive numbers y and p are defined by

Y 1= - inf g"(x)
0<xSx0—%6

inf y'( —§;e).
0 2
0<€<eO

=
Il

fM> yu—l and € € (O,eo), then v cannot assume a nonnegative maximum
O,XO-%S). Let x(e) be such that g(x) - y(x3e) achieves its minimum on
set [xo—é,xo-%6] in the point x = x(e). Then v(x(g);e) = m(e) - Mex(e) <0

[ > (xo--ﬁ)—I C.,. Since v(03e) = 0, this implies that for

- 3.-1
max{yu 1,(x0—6)

(O,XO—S). O

C3} v(x3e) < 0 for x € (0,x(e)) and a fortiori for




iEOREM 5.3. Let 8§ > 0 be arbitrary. Then

i lim su "x)-y"(x3e)| = 03
) lim 0<X<£0_6 lg' (x) = y' (x5¢€) ;
ii) 1lim sup ly'(x3e)| = 0.

e+y0 x0+SSxSR

00F. (i) From the equation (1.1), Theorem 2.1(ii) and Lemma 5.2 we
sduce that -g'(0)M < y"(x3e) < 0 for x € [O,XO—GJ and € € (0,50). By the
rzela-Ascoli theorem this implies that the limit set of {y'(s3e) | ¢ > 0}
5 € ¥ 0 is ﬁonempty in C([O,xO-GJ;BR). The result now follows from the
act that y tends to g on [O,XO—GJ as £ + 0.

ii). Integrating equation (1.1) from x.+ 1§ to x we obtain

0

ey’ (x36) ~y' (x5 + §85€)) =

X
J T(E50) = 808 o gepae.
+

X 18
X X € [x +6,R] the right-hand side 1s smaller than SR (k— (x ))y (x3¢).
)nsequently 0 < y'(x3e) < 2g'(0)eRs (g(xO s -k) ]. g

In the next section we shall concentrate on a formal approximation for

' in the neighbourhood of x =

X
In section 4 it was shown that the problem P(e,~) has aunique solution
r € sufficiently small. The analysis of this section can be repeated,
itatis mutandis, to derive the analogous results concerning the limiting
thaviour of this solution as € ¥ 0. In particular this implies that the

cmits € + 0 and R » « are interchangeable.

» THE TRANSITION LAYER

In Theorem 5.3 we have shown that y' converges nonuniformly on the
iterval [0,R] as € ¥+ 0. This feature is typical for a singular pertur-
ition problem. In this section we use the standard method of the stretch-
1g of a variable to obtain more information about the behaviour of y'
rar the transition point x = Xge
Our starting point is the equation




11

(z")

-— + ('(x)-2)z =0,

) exz" + ez' - ex

n is obtained by differentiation of (1.1), followed by elimination of
d the substitution y' = z. By the stretching of x near X, we mean the

oduction of a local coordinate & according to x = x, + £e®. If we make

0
substitution in (6.1) and if we subsequently retain only the terms of
st order in €, then it depends on the value of a what the resulting
tion will be. One easily verifies that the choice a = } leads to a

ificant equation, namely to

"no_ (Z')2+(v( )_ ) =0
) xoz XO Z g x0 z)z = 0.,

his equation we add the condition that its solution should match the
ts of y' to the left and to the right of X4, respectively. This amounts

he condition

) lim z(g) = g'(xy), 1lim z(§) = 0.
Er—o0 E>rtoo

We rewrite (6.2) as a two—dimensional autonomous first order system

z' =u,

) u2 1
_— —_— - ]
T R Gl CINER
0
we analyse the trajectories in the (z,u)-phase plane. If we .linearize
system about the equilibrium point (g'(xo),O) we find the corresponding

nvalues and eigenvectors to be

Vs /2D

+ Xo

aapt

g'(xo),O) is a saddle point and the unstable manifold is tangent to the
or (1,A+)T.




Our next objective is to overcome the difficulty that the right-hand
de of (6.4) is singular for z = 0. Consider the set 9 enclosed by the
axis, the line z = g'(xo) and the arc 6 which is defined by the param-

erization (z,u) = (el(t),ez(t)), 1 £t <o, with

g'(x,)

0,(t) = g' (x,) exp{—z—}% (1—t2)}
d 2
: (g'(xo)) g'(xo) 2
6,(t) := - —-—X-O———t exp{———z—}q— (1-t )}.
tu >z

g'(xo)

ong 92 the vector field defined by the right-hand side of (6.4) is

ways pointing inward. For the part of 3Q where u =0 or z = g'kxo) this
immediately clear from (6.4), and along 6 it follows from the fact that
e outcome of a calculation of the inner product of the vector field

th (éz,—él)T, i.e. with the inward pointing normal to 6, is

4
(g'(x,)) 3g' (%)
;) texp{ 2x0 (l"tz)},

XO 0

ich is positive for 1 < t < =,

In Q the vector field is continuous if we define its value at (0,0)
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e zero. The unstable manifold of the saddle point which enters  can be
inued and it cannot leave Q through 3Q\(0,0). Hence it enters the sin-
r point (0,0). So we have shown that the problem (6.2) - (6.3) has

ulo translation) a unique solution.

Equation (6.2) can be solved explicitly for £ as a function of z. If

equire that lim z(§) = g'(xo) and z(0) = z, we find that

grmco
Z
In 8" (x,)
£ = *0 J du

Y S _du
28" (%,) 2, Veo-T-u

T

0

. this expression we deduce that

for £ + +o,

g'(x,)
w® e S )

Let z be a solution of (6.2) = (6.3). The idea of singular perturba-
. theory is that z describes the shape of y' near x = X for small
es of €, and that one can approximate y' uniformly on [0,R] by using
building-stones z and y'. We shall not give a precise formulation of
idea. The interested reader is referred to a paper of FIFE [4] where

lar problems are treated and rigorous proofs are given.

PPLICATION TO A THEORETICAL MODEL OF AN IONIZED GAS BETWEEN TWO
.LECTRODES

The physical background

MARODE et al. [8] consider an ionized gas between two electrodes in
h the ions can be represented by a density ni(¥) and the electrons by
msity ne(;). Due to the heavy weight of the ions, the density ni(?)

be considered as fixed, whereas the highly mobile electrons assume a
:ial distribution in thermal equilibrium with the given ni(;). The prob-

. . > . > . . . .
is then to find ne(r) for given ni(r). A special situation of practical




nterest is considered, namely a pre-breakdown discharge which spreads ot
n filamentary form, as discussed by GALLIMBERTI [5] and MARODE [7]. For
his case, where there is cylindrical symmetry, MARODE et al. [8] have

erived the following equation:

dn (r)
~ 1 d r e
7-1) -E3 -d—r(ne(r) it ) * () =n;(r),

here € is a small positive constant proportional to the temperature. In

ddition, ne(r) has to satisfy the boundary condition

dne
7.2) —&;-(0) =0

nd the condition
7.3) J (ni(r)-ne(r))rdr =N>0,
0
here N represents the excess of ions.
The electron density ne(r) is to be determined from equations (7.1)
7.3). We assume that ni(r) is a smooth decreasing function of r. An ex-
licit choice of MARODE et al. [8] is ni(r) =e ¥t , because the ions are

upposed to have a Gaussian distribution due to diffusion.

.2. A transformation of the equation

Let us make the following change of function:

r
7.4) y(rz) = j n,(p)pdo.
0

bviously y represents the total quantity of electrons per unit length in
cylinder of radius r. We multiply (7.1) by r and integrate from O to r

o find

€ ne(r) dr *

. dne(r) r z
g J n, (p)pdp = J n. (p)pdp,
0 0
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ice upon putting x = r

Vx
-2gxy"(x) + y®)y'(x) = ( J ne(o)pdp>y'(X)-
0

'inally obtain the equation (1.1), the boundary condition (1.2) and the

ting form of the boundary condition (1.3), i.e. y(») = k, if we put
| Vx o
e = 28, gk = J n.(p)pdp, and k = J n. (p)pdp - N.
0 0

.e there are fewer electrons than ions, we have k < g(«), as assumed in
paper.

Problems (7.1) = (7.3) and P(e,») are equivalent under the change of
:tion (7.4) and the change of variable x = r2. (Since y' > 0, ne(r) =
"(rz) is well defined.) In this paper, starting from the study of the
‘esponding problem on a finite interval, we have established the main

‘acteristics of P(e,»).

Physical interpretation of the results

Given the properties for y and y' which were proved in the previous
:ions, we deduce in particular the following properties for n,:

for &8 < N/2, there exists a unique solution of problem (7.1) - (7.3)

and there does not exist any otherwise.

Let r, > 0 be defined by f: ni(p)pdp = N. Then for any § ¢ (O,rO)
0

lim sup Ine(r)-ni(r)| =0,
&40 re[O,rO-GJ

lim sup !ne(r)l = 0.
gv0 re[r0+6,m)

In the neighbourhood of Ty, 0 exhibits a transition layer behaviour.
The most interesting physical result is that at temperatures such

: & << 1, the density of electrons is not smoothly distributed in the

tzed region. It is, on the contrary, almost confined to a cylindrical




ighbourhood of the discharge axis where, as a consequence, the plasma
quasi-neutral. At a certain distance from the axis a transition occurs

.~ a region of positive space charge. The width of the transition layer is
order E%, which MARODE et al. [8] show to have the form of a Debye

ielding length, resulting from a balance between thermal and Coulomb

ergy.
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